Abstract: In the current era of micro/meso mechanical manufacturing (M4) systems, selection of a micro tool plays an important role in executing micromachining operations effectively. Compared with the conventional ultraprecision machine tool the excitation in miniaturised machine tool (MMT) is mainly due to microcutting force. The dynamic response of a MMT must be much more intensive than the ultraprecision machine tool. Hence, study of its dynamic behaviour assumes significance from the viewpoint of obtaining good surface finish and ensuring longer tool life. Furthermore, owing to its smaller size, micro tool fails very frequently and thus the replacement of tool is almost certain in such machining processes. In view of this fact, the present work focuses on estimation of dynamic response of micro end mill cutter by making use of mode superposition method. Also included in this work is the study of effect of damping on its dynamic performance.
Introduction
The dynamic behaviour of a mechanical or structural vibratory system is usually studied by one of the two methods: the mode superposition method or the direct integration method. The mode superposition method involves calculating analytically the response of each mode separately and summing the response of all the modes of interest to obtain the overall response. The direct integration method involves computing the response of the system by step-by-step numerical integration. A choice of which method to use depends on what is to be achieved and the numerical effectiveness of the two methods in a specific case. However, for many problems, the mode superposition method offers greater insight into the dynamic behaviour and parameter dependence of the system being studied (Newland, 1987) .
For passive structural systems, in which the damping terms are small and essentially dissipative, approximate methods of modal analysis are usually used. The viscous damping coefficients are assumed to be proportional to mass or stiffness terms in such a way that the normal modes of the undamped systems are preserved in the presence of damping. Then, the solution can be expressed in terms of the normal coordinates of the undamped system, which can be found by well-tried methods and whose interpretation is well understood.
In the dynamic response analysis of linear elastic structures, it is necessary to define the mass, stiffness and damping properties of the system. For most structures, it is extremely difficult to evaluate the damping characteristics. Generally, in the mode superposition approach, the damping is assumed to be uncoupled and is given in each mode as a percentage of the critical damping. The selection of realistic damping values for a particular structure is based on experimental evidence from the structure or from other structures of similar geometry and materials (Clough and Penzien, 1975) .
In such cases as in a linear dynamic structure subjected to viscous damping, it is a must to retain linearity in damping consideration. Another example is the case where excitation of the system is achieved through a multiple support system, wherein it is also necessary to maintain linear viscous damping effect in the structure (Den Hartog, 1956) . The above-cited examples demand the development of a complete damping matrix for the selected structure. It is important to note that the properties of the damping matrix are related to the modal damping ratios, which can be estimated based on the known physical properties of the system.
The need for small components continues to grow in many industries. Milling using microtools is one of the most common manufacturing processes for production of these parts. As for standard milling tools, microtools also suffer from well-known unstable vibration problems (Aran and Budak, 2011) . Dynamic analysis and stability of microtool assume significance from the point of view of maintaining correct contact of its cutting edge with the workpiece. Any deviation of the cutter edge from the programmed path will result in undue deflection of the tool and sometimes failure of end mill cutter also occurs. With the result, the surface finish so obtained is very poor. Hence, the dynamic analysis of the microtool is an important area of research so as to produce 3D complex and intricate shaped components especially in aerospace, mould and die industries.
Considering the importance of dynamic response of a micro end mill tool in micromachining, the following sections will detail the methodology of estimating its dynamic response for a selected micro end mill tool that is to be modelled as a simple cantilever beam. In addition, damping coefficient matrix is also included in the analysis and its effect is studied.
2 Dynamic response of a linear structure: theoretical background
Dynamic problem
It deals with the study of motion of a system as a function of time. To do this, their initial conditions (i.e., their initial positions and velocities) must be prescribed. We must set the initial conditions to values that induce motion. It is usually assumed that initial displacement is 0 (0) x x = and initial velocity is taken to be zero,
Since the equations of motion (EOM) of any linear conservative system with n -degrees-of-freedom (DOF) can be uncoupled into n -separate linear equations of the same type of those seen for a single-degree-of-freedom (SDOF) system, the time history of the response to an arbitrary excitation can be computed by
• computing the eigenvalues and eigenvectors of the system and normalising the eigenvectors
• computing the modal forces as functions of time
• solving the n-equations.
Mode superposition method
For an undamped and free-vibration system, the force matrix and damping matrix are going to be vanished. Therefore, equation (7) can be rewritten as
Equation (9) refers to the change of coordinate system from physical to normal coordinate system, i.e., . x = Xα Remembering the responses computed through x = Xα yielding the time history of the system in terms of the physical coordinates. From the above, it is clear that the matrix of the eigenvectors X can be used to perform a coordinate transformation that is particularly useful in estimating dynamic response of a linear system. The normal coordinate transformation, which serves to change the set of n-coupled EOM of a multi-DOF system into a set of n-uncoupled equations, is the basis of the mode superposition method of dynamic analysis. This method can be used to evaluate the dynamic response of any linear structure for which the displacements have been expressed in terms of a set of n-discrete coordinates and where the damping can be expressed by modal damping ratios. The modal coordinate (normal coordinate) amplitudes associated with the initial displacements are given by the equation of the form
Usually, the denominator of equation (10) is called a generalised mass matrix, which is normally an identity matrix for a symmetric and positive definite mass matrix. In a similar way, the velocity component of an initial condition (t = 0) can be substituted in equation (10) to include velocity aspect in the solution. The free-vibration response of each modal coordinate of this undamped structure is of the form (Clough and Penzien, 1975) :
It should be noted that for most types of loadings the contributions of the various modes generally are the greatest for the lowest frequencies and tend to decrease for the higher frequencies. Consequently, it is usually not necessary to include all the higher modes of vibration in the superposition process; the series can be truncated when the response has been obtained to any desired degree of accuracy.
Dynamic response by mode superposition method
Mode superposition procedure has the notable advantage of dealing with n-uncoupled equations, whereas a direct integration solution would require the integration of a set of n-coupled differential equations. There is, however, another advantage. Not all modes are equally important in determining the response of the system. If there are many DOF, a limited number of modes (usually those characterised by the lowest natural frequencies) are sufficient for obtaining the response with good accuracy. If only the first m-modes are considered, the savings in terms of computation time and, hence, cost are usually noticeable because only m-eigenvalues and eigenvectors need to be computed and m-systems with 1-DOF have to be studied. The advantage of discarding the higher-order modes is, in this case, great. When some modes are neglected, the reduced matrix of the eigenvectors, which will be referred to as 2 3 [ , , , , ] 
is not square because it has n rows and m columns. The first coordinate transformation still holds, i.e., ( ) t x = Xα but with slight modifications and which is given by
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and the m values of the modal mass, stiffness and force can be computed as usual. However, the inverse transformation matrix is not possible because the inverse of matrix ′ X cannot be performed. The modal coordinates α can be computed from the physical coordinates, x by premultiplying by T ′ X M both sides of the equation x = Xα computed using the reduced matrix of the eigenvectors ,
As required, the transformation matrix ( ) ′ -1 T m×m m×n n×n M X M has m-rows and n-columns.
Modelling of a micro end mill cutter
The end mill cutter is idealised as a cantilever beam (see Figure 1 ) based on Euler-Bernoulli beam theory in which normal stresses are much higher than shear stress such that normal stress is the principal stress. Figure 2 depicts the micro end mill details and the associated dynamic parameters. The theory for an SDOF system forms the basis for the analysis of a system with more than one DOF. It also provides physical insight into the vibrations of a structural system (i.e., micro end mill cutter as in this case). In case of undamped system, there is no energy dissipation. The micro end mill cutter is modelled as a cantilever beam and is assumed to undergo vibration (natural vibrations) owing to its own weight. The following figures depict the cantilever beam model (SDOF) as a simple (massless) Spring-MassDamping system. Cantilever beam model provides an approximation of tool performance. For qualitative study, cantilever beam model is valid. It is noteworthy to remember that the above-mentioned model cannot consider such uncertainties as tool runout and vibration owing to geometric error. The effect of geometrical error (edge runout) can be minimised by properly mounting the tool into a spindle via a collet. Moreover, the effect of tool runout will come into play and may be considered while developing cutting force models for a micromilling process. In this case, however, focus is on the mathematical treatment of cantilever beam model of a micro end mill cutter from the viewpoint of modal analysis in which orthogonality properties of the modes of vibration are utilised to transform the EOM from a physical coordinate system to a principal coordinate system where the equations are decoupled. 
Dynamic response of a micro end mill cutter by mode superposition method
The micro end mill has been modelled by appropriate finite element grids by means of beam elements whose stiffness and mass matrices are as given in Hutton (2005) . Furthermore, this research study is mostly focused on theoretical approach wherein mode superposition method is used to determine the response of micro end mill cutter under undamped and free-vibrations conditions. So far as simulation study is considered, the different approaches can be attempted viz: using such numerical methods as Euler method, Rungekutta Method and finite element method (FEM) utilising MATLAB platform or the same can be visualised using ANASYS as well (since both are of numerical techniques). In this work, FEM concept has been utilised in formulating the numerical model of a cantilever beam model and the associated equations were solved using MATLAB platform. With regard to experimentation aspect, dynamics and stability analyses need frequency response function (FRF) of the tool. But, there are several practical problems in measuring microtool FRFs. First of all, it is not possible to excite the tool tip using an impact hammer owing to the small size. In addition, microtools have very high frequencies, which are difficult to excite and measure. Tool tip is generally too weak to excite without breaking or altering the modal parameters. In addition, accelerometers cannot be attached at the small edges of the microtools. Therefore, analytical or numerical prediction methods (FEM) are used to determine tool tip dynamics as reported herein this work.
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Idealisation of micro end mill tool by FE modelling
A general rule of thumb for frequency analysis is as follows: If the finite element analysis (FEA) is to be utilised in the first P modes of vibration of a cutter, at least 2P modes should be calculated. Note that this implies the capability of calculating a subset of frequencies rather than all frequencies of a model (Hutton, 2005) . By keeping this notion in mind, the given micro end mill has been modelled as a one-element, twoelement, three-element and six-element model to estimate its natural frequencies (eigenvalues) under undamped free-vibration analysis. 
Eigenvectors or mode shape matrix and application of mode superposition method
By substituting the eigenvalues or natural circular frequencies into the linear algebraic homogeneous equation, 2 ( ) ω − = K M X 0 one obtains the eigenvectors or mode shape vectors. For a three-element idealisation of a micro end mill tool, we will have six eigenvectors. The mode shape matrix or modal matrix or eigenvector matrix is given by (Rajesh Babu and Samuel, 2013) .
[ ] 1 2 3 6 X = X , X , X ,……, X
where 1 2 3 6 X ,X ,X ,……,X are column vectors representing respective mode shapes. As a matter of fact, higher modes have little or no significance from the viewpoint of design aspect (Bathe, 1982) . Hence, considering only the first three modes of vibration and taking the advantage of mode superposition method, the modal matrix can be rewritten as
in which each column vector is a normalised vector and represents a mode shape of a micro end mill tool, which has been modelled as a cantilever beam by means of a three-element (beam element) grid and whose numerical values are given hereunder (Rajesh Babu and Samuel, 2013): 
Plotting of mode shapes from the above eigenvectors and dynamic response
In our analysis, we have made the following assumptions and used the following numerical data with regard to work material and tool material properties are concerned (Uhlmann and Schauer, 2005) .
• Microcut material is tool steel, which is used quite commonly for dies and moulds because of its tenacity and resistance to wear.
• Aspect ratio (axial cutting length divided by the cutting diameter) ranges from 3 : 1 to 5 : 1.
• Equivalent diameter is approximately equal to 80% of the cutter diameter.
• Maximum bending stress in the beam (micro end mill) is As such, the mode shapes (Figures 3-5) illustrate undamped, free vibration of the micro end mill cutter under first natural frequency, second natural frequency and third natural frequency, respectively. The mode shapes are in agreement with those of cylindrical cantilever beam when excited under its own weight or owing to elastic resistive forces.
By making use of equation (15), we can easily observe truncated modes m = 3 and the number of DOF of a cantilever beam, n = 6. And, the normal mode coordinates of the system after utilising transformation matrix, , ′ -1 T m×m m×n n×n M X M are given as follows:
where n×n M is an assembled mass matrix, n×1 x is the displacement vector and m×1 α is the normal modes or normal coordinates vector. 
Similarly, the initial velocity values can also be included in the above-mentioned equation as follows: 
Therefore, the free-vibration response of an undamped cantilever beam is 
Effect of damping on the dynamic performance of a micro end mill tool
More often, the modal method uses modal damping, which is another representation of viscous damping that has as much (or as little) physical justification as proportional damping. To obtain modal damping, we arbitrarily define C in equation (7) as a diagonal matrix, whose ith diagonal coefficient is 2 i i ζ ω where ζ i is the damping ratio for mode i prescribed by the analyst. Thus, it becomes possible to use an appropriate or experimentally determined ζ i for each mode, or to selectively damp higher modes.
Because the damping matrix C and     2 ω are both diagonal, equation (7) is uncoupled. With modal damping, the generic equation for any mode i is 
Analysis with damping included
The mode superposition analysis is particularly effective if it can be assumed that damping is proportional in which case
where ζ i is a modal damping parameter, and δ ij is the Kronecker delta (δ ij = 1 for i = j, δ ij = 0 for i ≠ j). Therefore, using equation (24), it is assumed that the eigenvectors
are also C-orthogonal and the EOM (Bathe, 1982) . We note that equation (25) is the equilibrium equation governing motion of SDOF system with ζ i being the damping ratio. Damping effects can, therefore, readily be taken into account in mode superposition analysis provided that equation (24) is satisfied. If r = 2, (truncated natural frequencies) Rayleigh damping can be assumed, which is of the form
where a 0 and a 1 are constants to be determined from the given damping ratios that correspond to two unequal frequencies of vibration.
More general form of damping matrix, C
Assume that the r damping ratios, ζ i , i = 1, r, where r indicates truncated natural frequencies, are given to define C. Then, the damping matrix that satisfies the relation 
We should note that with, r = 2, equation (27) reduces to Rayleigh damping, 0 1 . a a = + C M K An important observation is that if r > 2, the damping matrix C in equation (27), in general, is a full matrix. Since the cost of analysis is increased by a very significant amount if the damping matrix is not banded, in most practical analyses using direct integration, Rayleigh damping is assumed. A disadvantage of Rayleigh damping is that the higher modes are considerably more damped than the lower modes, for which the Rayleigh constants have been selected.
Analysis with damping included by an illustration
For the three-element grid mesh of the end mill cutter that has been modelled as a cantilever beam, the stiffness and mass matrices (reduced form) of the same are given by .0000 0.0000 0.0000 0.0000 0.0000
The undamped free-vibration mode shapes, frequencies and normal masses are given in the preceding sections. Considering the problem of calculating a damping matrix with 5% of critical damping in the first two modes of vibration, i.e. 
The desired damping matrix is now calculated using equation (26) 
With the damping matrix given, we can now establish the damping ratio that is specified at any value of ω i , when the Rayleigh damping matrix as given in equation (26) is used.
Namely, the relation in equation (26) 
for all values of ω i . From equation (32) and utilising equation (30), it is possible to determine damping ratios corresponding to the first three normal modes and they are found to be as Hence, for a micro end mill tool when modelled as a simple cantilever beam, the damping ratios for the first three modes of damped free vibration are 4.3, 0.69 and 0.24% of critical damping, respectively. Furthermore, the quality factor of a linear structure such as a micro end mill can also be estimated by means of the formula, 1 2
11.598; 72.46377; 208.334
From the above-mentioned quality values, it is evident that as the damping ratio of a linear structure decreases, the quality factor increases and vice versa. Furthermore, the quality factor is useful for determining equivalent viscous damping in linear mechanical systems. And, the dynamic response of a micro end mill tool with damping included is 2 2 0 f o r 1 , 2 , 3 .
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This implies that the response of a micro end mill tool is nothing but finding a solution of an SDOF oscillator in normal modes or mode coordinates. Of course, the EOM for each mode is in a decoupled form. The general solution of equation (33) i i x x An important observation relating the mode superposition analysis is that for the numerical solution of the FE equilibrium equation using the decoupled equations, we do not calculate the damping matrix, C but only the stiffness and mass matrices K and M. Damping effects can, therefore, readily be taken into account in mode superposition analysis provided that equation
X CX is satisfied. Considering mode superposition analysis, using the free-vibration mode shapes with damping neglected as base vectors, we find that X T CX in the given EOM is in the case of non-proportional damping a full matrix. In other words, the equilibrium equations on the basis of mode shape vectors are no longer decoupled. But in this case, it is observed that damping ratio in each mode is inversely proportional to the undamped resonant frequency. As a consequence, the lower modes for this type of system will damp quicker than the higher modes. So, in this analysis as we have assumed proportional damping, the damping matrix is not a full matrix.
Validation of damping matrix
The damping matrix (equation (31)) as derived in the preceding section could be validated by the following equivalents: Caughey and O'Kelly (1965) have proved that a damped linear system of the form ( ) ( ) ( ) t t t + + = Mx Cx Kx 0 can possess classical normal modes if and only if the system matrices satisfy the relationship .
-1 -1 KM C = CM K This is an important result on modal analysis of viscously damped systems and is now well known. It is also demonstrated that a condition that is both necessary and sufficient to obtain a diagonal modal-damping matrix is that matrix As a matter of fact, all the above-mentioned conditions are satisfied in this case. And therefore, the method adopted in deriving the damping matrix and estimation of damping ratios, thereof, was appropriate and in agreement with the dynamic analysis procedure (of a micro end mill tool). In addition, the assumption of proportional viscous damping is made in this study. Indeed, it was shown in our research work that the matrices 1 − M C and 1 − M K are commute and hence linear transformation involving modal matrix was possible. Hence, classical normal modes of a micro end mill cutter (modelled as a cantilever beam) also decouple a viscously damped system. So, one example is sufficient to validate the formulation presented in this work.
Conclusions
In this work, an attempt has been made to utilise the mode superposition method to estimate the dynamic response of a micro end mill tool when subjected to dynamic load conditions. It has been assumed that the selected tool (cemented carbide tool) is used to perform micromilling of tool steel (work material) on an MMT. The following are some of the few conclusions drawn from this study:
• A detailed mathematical treatment has been outlined to evaluate the dynamic response of a microtool for the first three normal modes under undamped freevibration conditions.
• The corresponding normal mode shapes were drawn for the first three modes.
• We have also studied the effect of damping effect on its dynamic performance. While considering the damping effect, the undamped normal modes have been preserved by assuming that the damping matrix is proportional to either mass matrix or stiffness matrix.
• Linearity of viscous damping is maintained in a linear dynamic structure, i.e., micro tool that was modelled as a cantilever beam in this study.
• The estimated damping ratio values were in agreement with those of lightly damped linear structure. That is to say explicitly, the first mode damping ratio of a micro end mill tool is less than 0.05.
